ABSTRACT New infrared observations of the two faintest known, late M dwarfs, Wolf 359 and +4°4048B (=VB 10) provide accurate luminosities and moderately well-determined temperatures (2500° and 2250° K, respectively). The photometric observations are fitted to a blackbody energy distribution on the assumption that line and band blocking affect most of the spectrum below 1 µ; the temperature structure is taken as that of a gray body. The resulting data, together with Johnson's observations for dM4 and dMS stars, which have been reanalyzed, calibrate the faint end of the main sequence, with results given in a table and a figure. The bolometric corrections are very large and increase steeply to 6 mag, so that the faintest known stars are, in fact, not very faint; Wolf 359 has L = 13 X 10-4 L 0 , and VB 10 has L = 5 X 10-4 L 0 . A statistical discussion of Luyten's faint red stars of large proper motion gives L = 4 X 10-4 L 0 . With a conventional mass-luminosity relation, 9R ? 0.09 9R 0 , for stars of known luminosity. Stars of still lower mass, such as L726-8, are difficult to interpret.
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where a relatively strong peak exists in M giants. A grating spectrum of W359 by Hyland (private communication) shows weak CO bands in the 1.6-and 2.2-µ regions. Wing and Ford (1969) find strong TiO and an unidentified band near 1 µ. Titanium oxide is known to be very strong in the M2-M6 dwarfs, in the blue and red. Furthermore, the strong low-excitation metal lines must produce large depressions in the UBV regions. Until detailed model atmospheres, including atomic lines and molecular bands, are compared -29. 45 -28.59 -30.39 -27 .86 -29.53 -26.87 -25.97 -27 .61 -25.59 -26. 75 -25.64 -26.68 -25.83 -26.87 Fm. No. 2, 1970 FAINT END OF MAIN SEQUENCE 521 with spectra, it is, in fact, very difficult to provide an accurate temperature scale. The presently available models do not include atomic lines, and do not agree well with observation. Consequently, the available data have been treated in what seems to be a conservative manner.
II. AN ELEMENTARY THEORY OF THE DEPRESSION OF THE
CONTINUUM AND THE DETERMINATION OFT, L, R If lines and bands severely depress large regions of the spectrum, the lower limit to the flux in a filter passband is the thermal emission at the boundary temperature, To. The bands and lines may not be conspicuous on spectra if located in a region of high band opacity or general opacity. We will attempt to fit blackbody curves of effective temperature Te to the observed energy distributions of M dwarfs. The maximum allowable depression, q,., can be computed if To is known. The flux emitted cannot be less than (1) in regions of high opacity. Assume a gray-body model in radiative equilibrium, for which To= Te/1.233. (In fact, To may be much smaller, according to present models, but the two errors compensate, since it is unlikely that a passband is completely covered by saturated bands and lines.) To keep the integrated actual flux the same as a blackbody of the given effective temperature, we may assume that the energy at wavelengths of high opacity is emitted at a radius Ro different from that of the star, R. As an ad hoc assumption, we assume that Then the depression at any frequency becomes The tabulated values of log q,. in Table 2 give the behavior to be expected in curve fitting. The negative values of log q,. arise from the requirement of correct total Bux.
Implausibly high Te will be recognized if the observed value of log B,(Te)/F, exceeds log q,., a situation which usually occurs at short wavelengths. The allowed depression is very large; in the B-filter band, compared to the K-filter band, at 2500° K, the change in log q,. is 1.0; i.e., a blocking of 2.5 mag may occur. In the /-filter, as compared with K, the change of log q,. is 0.28, and a blocking of only 0.5 mag is permissible. Of course, if the real stellar model has a lower T0/Te, the effects may be even larger.
The flux F. at the Earth is determined from the apparent magnitudes as F. = C.
10-0 · 4 m.,, where C., is the calibration constant of the photometric system. For a blackbody of radius R and distance r, we have
When Te is determined, the rad,ius and luminosity are given. If r is in parsecs, the radius in solar units is (5b) ]. L. GREENSTEIN, G. NEUGEBAUER, AND E. E. BECKLIN Vol. 161 For individual stars with Fv observed, equation (5b) is used. We could also use mean apparent or absolute magnitudes for groups of stars by simple transformations of equation (Sb) and computations of 11'~v· In practice, the vertical shift, log Bv(Te)/Fv is determined by fitting the mean observed log Fv curve to a set of blackbody curves (computed in steps of 125° K) while keeping the log <P. in mind. The vertical shift is read in such a way as to keep the same area under the Bv(T) and Fv curves.
The unknown depressions by TiO and other atoms, and the high transparency of H20 and CO near the energy maximum make available models nearly useless in narrowing the range of T. Model atmospheres by Tsuji (quoted in Greenstein 1969) include TiO as well as H20 and CO, but not convection effects. Tsuji finds high transparency at X < 1.2 µ, which we do not believe justified by observations. Kandel (1969) notes the poor fit of theoretical and observed profiles of X4227 in K7 to M3 stars, where the line is far too weak and shallow. He invokes unknown sources of opacity (probably lines and bands). The effect is very large in the UBV colors. Tsuji's model of a 4000° K star (near K7 V) predicts B -V = +o.8, U -B = 0.1 (no atomic lines). The observed K7 colors are +1.3, +1.1, a differential blocking of +0.5 mag between Band V, and +LO mag between U and B. But from extrapolation of Table 2 , we see that the expected <Pv Auman (1969) , who includes convection, predict this. We believe that the entire region below 1 µis heavily absorbed in M dwarfs. To obtain Te and its permissible range, we proceed in a "conservative" fashion. We give five values of Te; Tu is the highest possible, and is limited by the unacceptably high values of <P required; T1 is a plausible upper value, T the best, T2 a plausible lower value, and T1 the lowest possible. At T1 the Fv fits on the Bv(Te) curve at A < 1 µ (i.e., there is no line or band blocking); and the observed maximum is displaced toward shorter wavelengths. Both T1 and Tu are easily recognizable, but the differences between T1, T, and T2 are matters of judgment. The temperature used in theoretical discussions is nearly always the midpoint, T. Figures 2 and 3 show the observed curves for W359 and VB 10 and the fitted Bv(T), at the best vertical shift. Table 3 gives the resulting parameters of the stars. The maximum range is± 250°, the probable range± 125°. To compute 1 the bolometric magnitudes, MboI, we have used (Mbo1) 0 = +4.79, (Te) 0 = 5750° K. The change with temperature in Mbol and in the bolometric correction, B.C., is negligible,
No. 2, 1970 FAINT END OF MAIN SEQUENCE 523 about ± 0.08. The range of log R is also ± 0.08, a more serious uncertainty for theoretical discussion.
III. EARLIER-TYPE M DWARFS
The same method can be applied to the measures by Johnson (1965a) , who gave colors from U to K for many late M dwarfs, and L for a few. His analysis was based on mean colors of stars grouped by spectral type (his Table 2 ), and we reanalyzed his group means as we did W359 and VB 10. However, certain inconsistencies and a rather indeterminate temperature suggested the need for further reanalysis. We are interested only in the faintest end of the main sequence, where the spectral types are poorly defined and the -27.0 J. L. GREENSTEIN, G. NEUGEBAUER, AND E. E. BECKLIN slope of the H-R diagram very steep. We regrouped his stars by the /-band absolute magnitude Mr. We used stars of typesM3 and later. In Table 4 the new groups are listed, together with their mean colors (see also Fig. 4 ). The mean spectral types were used only to label the groups; e.g., JM 4.9 has a mean type dM4.9. The parallaxes are large and relatively accurate (averaging 0~2; only one is less than 0~1). The groups by M 1 give: JM 4.0, M 1 = + 7 .62 (five stars); JM 4.9, M 1 = +8.()2 (six stars); JM 5.6, M 1 = +9.92 (seven stars). However, the last group proved unsatisfactory, with a large range of Mr and color. A final, more cohesive group, omitting the faint objects Y2582B and Y2890AB and Barnard's star Y4098, was used and called JM 5.3 with M 1 = +9.46 (four stars). No Tor M bol will be given for JM 5.6. The improvement in the shape of the spectral-energy curves is marked. (Barnard's star does not differ markedly from the final mean.) The differences in color from group to group are somewhat erratic, and the Johnson curves do not fit as well as do the individual stars newly observed by us. Perhaps the use of mean colors for stars of mixed population types may be dangerous, since the CO, H20, and TiO bands will behave differently as elemental abundances vary. From this point of view it is interesting to find, with large uncertainties, that Barnard's star has log L/L 0 = -2.38 at log Te = 3.520, below the JM 5.3 point, i.e., hotter and fainter than the main sequence. The bolometric correction involves the visual luminosity, which according to our assumptions may be strongly depressed. This agrees with the observed great strength of the TiO bands. We give the bolometric correction in Table 5 . Note its extremely steep dependence on spectral type. Nevertheless, note also that the change in bolometric correction from type M4 to whatever type VB 10 should be called (M8?) is larger than from the Sun, G2, to M4. The same is true of Mv, Mbo1, log L, and most color indices. The range of all parameters within the late M dwarfs is very large indeed, and spectral type as now determinable is an insufficiently accurate parameter. Figure 5 shows the (L, T)-diagram for these groups, for W359 and VB 10, for Barnard's star Y4098, and for Kruger 60A and B, taken from Limber (1958a). The data for Kr 60 used by Limber were of complex origin-the six-color system of Stebbins and Whitford, the (R, /)-system of Kron, and the old radiometric magnitudes of Pettit and Nicholson. In addition, he used a different solar magnitude. Without attempting to trace the origin and effect of the various differences, we can conclude from Figure 5 that 9Jl 0 ) , it is an important system for study, but is necessarily omitted here.
A nearly linear relation exists in Figure 5 . A straight line forced to fit the Sun and W359 fits the other stars closely. The decrease in L with T is determined as log L/L 0 = 8.01 log T -30.12 .
(6a)
From the definition of effective temperature and assuming that Te= T (our best value), we find log R/R 0 = 2.00 log T -7.54. Other lines can be forced through Tz and Tu and given different results, i.e., log L/L 0 = 7.34 log Ti -27.60 ,
log R/R 0 = 1.67 log Ti -6.28 ;
log L/L 0 = 9.19 log Tu -34.55,
log R/R 0 = 2.59 log Tu -9.74.
Since we can probably take log L/L 0 = 3.5 log 9Jl/9Jl 0 , the equations (above) give a mean density for VB 10 as 100 g cm-3 for Tu, 60 g cm-3 for T, and 35 g cm-3 for T 1• The latter seems too low, and the radius from equation (7b) seems too large.
In Figure 6 we collect various properties of the stars as a function of log T. In order to complete the linkage to the Sun, we use Johnson's (1965a) temperature calibration for types K5-M1, with a correction of -0.05 mag in (Mbo1) 0 • The results smoothly join the new calibration of JM 4.0 to JM 5.3 and the individual stars W359 and VB 10. The visual magnitude, Mv, has a large run with changing slope. The Mbol is nearly linearly dependent on T except for a possible step in the early M types, perhaps de-2 Since this paper was completed, measurements of Kr 60A, B were made from 1.25 to 3.4 µ. The blackbody curve fitting was made in the same way, and .gave a best fit at 3125° K, log R/R 0 = -0.36. Since component B is claimed to be 1.5 mag fainter than A visually, if we assume the same color, the correct radius of A is log R/R 0 = -0.41, log L/L 0 = -1.88, Mbo1 = +9.5, Mv = +11.8. The deviations from our Figures 5 and 6 suggest that A is, in fact, hotter than we derive. Recomputation of Land T. for a star with the mass of Kr 60A would be interesting, and further observations are planned. We are grateful to Harry Hyland and Harvey Butcher for communicating their unpublished observational data. J. L. GREENSTEIN, G. NEUGEBAUER, AND E. E. BECKLIN Vol. 161 But the two stars VB 10 and W359, differing by only 250°, differ by more than 2 mag in B -L, much larger than equation (9) predicts.
IV, DISCUSSION
Clearly, 1-µ to 5-µ measures of faint dwarfs are badly needed and will have important theoretical implications. For example, in spite of a general agreement with Limber's results for Kr 60A and B, for other stars of known masses no direct check exists since no new infrared colors are available. Barnard's star, with a tangential velocity of 90 km sec-1 and a radial velocity of -105 km sec-1, is a genuine halo star; it may appear too hot because of smaller band and line blocking, or it may be genuinely subluminous (see Fig. 5 ).
The main result of the present measurement of the two faintest known stars, however, is that we can define the faint end of the main sequence, on the assumption that their dMe characteristic is irrelevant. Both stars have rather high space motion, about 50 No. 2, 1970 FAINT END OF MAIN SEQUENCE 529 km sec-1 , but so do a number of Johnson's M dwarfs. The flare characteristics were not detectable as variability in the infrared photometry; and there is no "ultraviolet continuum," as is seen during flares. The two faint stars are cool, but T > 22S0° K is probable and errors are ± 2S0° K. The bolometric luminosity is well determined and the bolometric correction enormous, but accurate, ± 0.1 mag. The bolometric correction is larger than older theoretical estimates would give, since they neglect the depression caused in Mv by TiO bands and the atomic lines. The Johnson colors for M4 and MS stars provide another calibration point and, with the Sun, determine from colors a reasonably good luminosity-effective temperature diagram. The mass-luminosity relation, however, still requires recalibration. Harris, Strand, and Worley (1963) give a change in slope of the 9R-L relation at MboI = +7.S, from L ex: 9R 4 0 to L ex: 9R 2 • 8 • However, this change depends largely on objects with mass less than 0.2S 9R 0 , e.g., Kr 60A and Band Ross 614B. Since we must discard the latter and should eventually revise Kr 60A and B slightly, the slope is, in fact, poorly determined for low-mass stars. W3S9 and VB 10, near 10-u L 0 , probably have 9R ~ 0.1 9R 0 • In spite of their photographic and visual faintness, they do not approach the masses of the invisible companions of astrometric binaries~ A major result of this study is that the faintest stars observed are not, in fact, very faint. We doubt that this is connected with the dMe characteristics, which here are not a property of youth only, since the space velocities are those of old disk stars. The contraction time to the main sequence, in view of convective early phases, is certainly shorter than the age of the Galaxy. The total photon luminosity in the emission lines might normally be 0.1 of the star's luminosity in the B-band, or 10-4 of the total luminosity of the star (see Table 1 ), i.e., 2 X 10 26 ergs sec-1, or about 10 5 ergs cm-2 sec-1 • The mean level of nonthermal solar activity is estimated by Biermann and Liist (1960) to be about 106-10 6 ergs cm-2 sec-1 , except in major flares when it reaches 10 10 ergs cm-2 sec-1 • This is a solar total nonthermal luminosity, from photons and particles, of from S X 10 27 to 5 X 10 32 ergs sec-1 , i.e., very much larger than the flux in the Balmer and Ca 11 lines observed in dMe stars. In dMe flares, with a 2.S-mag brightening, and a larger fraction of the energy in Paschen and Balmer continua, the dMe star might approach 10 28 ergs sec-1 • All these numbers, however, do not suggest that a dMe star can be maintained permanently far above the main sequence. In fact, the acoustic noise generation varies as p(v 2 ) 3 1 2 (v/v,) 5 , where vis the mean turbulent velocity, v, the velocity of sound, and p the density. Since the atmospheric densities of dwarf stars are all similar, the important factor is the Mach number. If dMe chromospheres had higher velocities (or higher temperatures) than the solar chromosphere, we might have a greater input. But the spectra are very similar, even during a flare (Greenstein and Arp 1969) , with He 1 just excited and hydrogen strengthened with respect to Ca 11. It is possible that the far-ultraviolet emission of the dMe corona is large; it would be an interesting orbitingsatellite experiment to search for the nearby dMe stars.
As for the properties of the faintest known stars, their discovery among faint stars of large proper motion will be very difficult because of the rapid drop in M v shown in Figure 6 . Luyten (1967) lists the results of a 48-inch Schmidt survey of stars of eighteenth to twentieth magnitude with unusually large motions. Using the reduced proper motion, H, he concludes that the group of 204 stars has a mean Mpg= +17.7. He has studied in detail twenty-eight new and old stars of large motion with accordant results, i.e., a mean Mpg= +17.1 to +17.8. If known white dwarfs are omitted, the nine stars of known parallax have (Mpg) = 18.1 (the faintest of these is VB 10). Using
he finds that for this group (Hpg) = 23.6, i.e., H -M = S.S. If the transverse motion VT is independent of luminosity, and if small statistical corrections can be neglected, we derive (Mpg)= +19.7 for his stars, with the largest (Hpg) = +2S.2. On Luyten's scale J. L. GREENSTEIN, G. NEUGEBAUER, AND E. E. BECKLIN Vol. 161 of magnitudes, VB 10 has Mpg = + 20.6 and Hpg = + 25.2. Thus VB 10 is like the faintest of his stars, and it will be difficult to find fainter ones. His Palomar Schmidt survey goes very faint, and his stars have mpg ~ 21.5 and µ ~ 0~7 year 1 • The very faint stars with (Hpg) ~ +25.2 are rare-there are only four in Luyten's (1967) 
The Hpg -Mpg= 4.6 for VB 10, i.e., VT = 40 km sec-1 • As a minimal estimate, for stars well scattered over the sky, VT should be larger than the solar motion, 20 km sec-1 , so that Hpg -Mpg> 3.12. Therefore, the Luyten stars are brighter than Mpg = +22.1. Given the steady run of colors in Figure 6 , we may estimate for the faintest stars, M v < + 19.8, log T = 3.34, bolometric correction = -6.0, M bu I < + 13.8, or log L/L 0 2::: -3.60. We are assuming that the run of T in Figure 6 can be slightly extrapolated, and that the infrared colors of Luyten's new, fainter stars resemble those of W359 and VB 10. If VT is larger (say, Population II), the stars are brighter in Mpg· The unknown changes in color caused by a weakening of bands and lines in Population II would probably diminish the bolometric correction. But for VT = 200 km sec-1 (5 times that of old disk stars), the increase in H -M corresponding to a decrease of Mpg by 3.5
should be only partially compensated for by a reduction in the bolometric correction.
It seems very improbable that the reduction in bolometric correction would exceed 3.5 mag, so that the Population II stars probably will not, in fact, alter our conclusions as to the rarity of stars below log L/L 0 = -3.60.
If the mean mass-luminosity relation is near L = IDl 3 · 6 , these stars are more massive than log IDl = -1.03, or 0.093 IDl 0 , very close to the usual theoretical limit for stars on the main sequence. Less massive stars could be contracting to a degenerate, hydrogenrich configuration with no energy generation. If the Hayashi contraction time is not too long, these stars will be rare, and not necessarily very faint. Much less massive objects would be solids or planets, as are the suspected low-mass astrometric companions. At the very faint end of the main sequence, certain new difficulties appear. The radius of a completely degenerate, zero-temperature, hydrogen sphere is, from the properties of an n = ! polytrope, log R/R0 = -! log ID1/ID10 -1.40.
Note that, for 0.1 IDl 0 , logR/R 0 = -1.07, i.e., only slightly less than the -0.85 value for VB 10. At equal effective temperatures there is only 1.2 mag difference in bolometric magnitude between main-sequence stars and degenerate configurations. We have neglected the departure from zero temperature for the degenerate star and the finite radius of its nondegenerate envelope, both of which make it larger, and less distinguishable from the main-sequence stars. Detailed models of low"'mass stars with and without energy generation may suggest distinguishing characteristics. The degenerate star has small heat content; for a central temperature of 10 6 ° K the thermal energy for a gas is only 10 46 ergs, and the cooling time scale about 2 X 10 8 years. Low-mass stars, without energy generation, will therefore have short lifetimes, and be less common at a given luminosity, than their initial formation rate would require. The presence of a few lowmass stars like L726-8A and B (LTT 892, 893) (see Worley 1969) in the process of contraction might be expected. But with the sum of the masses for that system of 0.08
IDl 0 , we face a difficult problem. The proper motion is 3~36 year-1 , the parallax 0~079;
the type is dM6e, and the fainter star LTT 893 is a flare star with mpg= 14.7, i.e., Mpg = + 14.2. The tangential velocity is 200 km sec-1, i.e., that of a Population II star in the halo. If the bolometric correction derived in this paper applies for late-type halo stars, LTT 893 is very overluminous for its mass, i.e., M bol = +9.0. Further, it cannot have been recently formed, given its high velocity. The potential energy of a degenerate,
